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Design of Missile Guidance Law via Variable Structure Control

Jongki Moon,¤ Kiseok Kim,¤ and Youdan Kim†

Seoul National University, Seoul 151-742, Republic of Korea

The missile guidance law utilizing variable structure control is proposed. The acceleration command input
is determined considering the target acceleration as an uncertainty. The proposed guidance law uses only the
information for the target acceleration bound; therefore, the precise measuring of target acceleration during the
maneuver is not required, and the robustness to the target maneuver is achieved. It is also shown that the proposed
guidance law can be classi� ed into the augmented true proportional navigation or the augmented realistic true
proportional navigation guidance law. Numerical simulations show that the proposed guidance law yields better
performance compared to existing guidance laws.

I. Introduction

P ROPORTIONAL navigation guidance (PNG) was � rst devel-
oped during the 1950s, and during the 1970s and 1980s var-

ious PNG laws such as pure proportional navigation (PPN), true
proportional navigation (TPN), the optimal guidance law (OGL),
generalized TPN (GTPN), and realistic TPN (RTPN) have been
developed.1;2 Lots of studies have been performed to obtain ana-
lytical solutions as well as to analyze the capture regions of the
guidance laws. With the development of accurate avionic sensors,
augmented proportionalnavigation (APN) and the predictive guid-
ance law (PGL) utilizing the information about target acceleration
were also proposed. By analyzing the various guidance laws, the
characteristics of the guidance laws, capture regions, and pursuing
performance were compared.1;2

During the last decade, various practical problems have been
considered for real implementation.3¡9 Guidance laws have been
extended to the three-dimensionalengagement case for highly ma-
neuverabletargets3 and havebeen applied to missilesystemsconsid-
ering the induced drag and time-varying velocity4 and the internal
dynamics of missiles.5 Studies on the time-to-go estimation,6 ideal
proportional navigation,7 and OGLs subject to various constraints
were also performed.8;9 New guidance laws using nonlinear control
theories such as the Lyapunov function method,10 the geometric
control theory,11 and the nonlinear H1 control theory12 have also
been developed.

The variablestructurecontrollaw, or the slidingmode controllaw,
usuallydesigns a sliding surface to satisfy the designobjective.13¡15

The slidingmodecontrolis similar to the backsteppingcontrolwhen
consideringthe dynamic structure and the distinctive two-loop con-
trollerdesign.When thebacksteppingcontrolleris used, the stability
of each loop as well as the overall two-loop stability must be as-
sessed.However, in the case where the sliding mode control is used,
the overall stability is always guaranteed if the state variables can
reach the sliding surface in a � nite time.14;15 In this paper the con-
cept of equivalent control16¡18 is used to derive the sliding mode
control law. The equivalent control consists of terms for the known
dynamics and for the uncertain parameters.

The variable structure control law has been applied to many
guidance problems. Zhou et al. proposed an adaptive sliding mode
guidance law using linearized equations.19 Babu et al. studied the
guidance law for highly maneuvering targets using the sliding sur-
face of the zero line-of-sight (LOS) rate based on the Lyapunov
method.20 Brierly and Longchamp studied the sliding mode guid-
ance law including rigid-body dynamics and actuator time delay.21

In thispapera newslidingmodeguidancelaw basedon thenonlin-
ear planarengagementkinematicsis proposed.The onlyassumption
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of the proposed guidance law is that the information for the maxi-
mum target acceleration is available. Therefore, the proposed guid-
ance law is robust with respect to target maneuver. Various sliding
surfaces are suggested to design the guidance law, and the decreas-
ing boundarylayer scheme is introduced.Through the properchoice
of the sliding surfaces, it is shown that the proposed guidance law
demands less maximum control effort and less intercept time. We
derive the guidance law including general function terms so that
different guidance laws can be designed by specifying the general
function terms.

The paper is organized as follows. In Sec. II the variable struc-
ture control theory is brie� y summarized. Section III formulates
the missile-target engagement problem and proposes a new guid-
ance law. Numerical simulation results are shown in Sec. IV, and
conclusions are reported in Sec. V.

II. Variable Structure Control
Consider a nonlinear system14

Ṕ D f1.´; »/ C ±´.´; »/ (1)

P» D fa.´; »/ C Ga.´; »/[u C ±» .´; »; u/] (2)

where ±» is a matched uncertainty and ±´ is an unmatched uncer-
tainty. Note that ±» satis� es the matching condition, and therefore it
affects a system in the same way as the control input u does.

Now, let us introducea backsteppingapproach to design a sliding
surface » D Á.´/. First, assume that » in Eq. (1) is a virtual control
input, and design » D Á.´/ such that the following system has the
desired properties:

Ṕ D f1[´; Á.´/] C ±´[´; Á.´/] (3)

To do this, a new variable z is introduced:

z D » ¡ Á.´/ (4)

If z D 0, then » D Á.´/ is obtained, and � nally a variable ´ has the
desired properties.Variable structure control makes z equal to zero
in � nite time and then maintains the condition z D 0 for all future
time. That is, variable structure control makes z D 0 be a positive
invariant set of the closed-loop system. A typical trajectory under
variable structurecontrol consists of a reachingmode, during which
the sliding variable z moves toward the sliding surface z D 0, and a
sliding mode, during which the sliding variable is con� ned to the
sliding surface z D 0.

Differentiating Eq. (4) with respect to time and substituting
Eqs. (2) and (3) into the resulting equation yield the following
equation:

Pz D fa.´; »/ C Ga.´; »/[u C ±» .´; »; u/]

¡ @Á

@´
[ f1.´; »/ C ±´.´; »/] (5)

Let us take the control input as
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u D ueq C Ga.´; »/¡1º (6)

where ueq is determinedto cancel the known terms on the right-hand
side of Eq. (5) as follows:

ueq D Ga.´; »/¡1

µ
¡ fa.´; »/ C @Á

@´
f1.´; »/

¶
(7)

If there is no uncertaintyin the system, then u D ueq is the equivalent
control that yields the closed-loop motion in the sliding manifold
once the system state vector is in the manifold (4), z D 0. In this
study, because the system includes uncertainties,ueq is an estimate
of a known portion of equivalent control.

Now, to design º , let us consider the case where uncertainties
exist. Substituting Eq. (7) into Eq. (5) gives

Pz D º C 1.´; »; º/ (8)

where

1.´; »; º/ D Ga.´; »/±»

£
´; »; ueq C Ga.´; »/¡1º

¤
¡ @Á

@´
±´.´; »/

(9)

Assume that 1 of Eq. (9) satis� es the following inequality:

k1.´; »; º/k1 · ½.´; »/ C dkºk1 (10)

where the continuous function ½.´; »/ ¸ 0 and the constant d 2
[0; 1] are known. Using Eq. (10), the perturbed control º can be
designed. Equation (8) can be rewritten as follows:

Pzi D ºi C 1i .´; »; º/; i D 1; : : : ; p (11)

Let us take ºi as follows:

ºi D ¡¯.´; »/

1 ¡ d
sgn.zi /; i D 1; : : : ; p (12)

where sgn.¢/ denotes the signum function, and

¯.´; »/ ¸ ½.´; »/ C b; b > 0 (13)

Consider a Lyapunov function candidate V D
Pp

i D 1
1
2
z2

i for
Eq. (11). Differentiating V with respect to time and substituting
Eq. (10) and Eq. (12) into the resulting equation gives

PV D
pX

i D 1

PVi D
pX

i D 1

zi Pzi D
pX

i D 1

[zi ºi C zi 1i .´; »; º/]

·
pX

i D 1

µ
¡¯.´; »/

1 ¡ d
jzi j C ½.´; »/jzi j C d

¯.´; »/

1 ¡ d
jzi j

¶

D
pX

i D 1

[¡¯.´; »/jzi j C ½.´; »/jzi j] ·
pX

i D 1

¡bjzi j (14)

It is certain from Eq. (14) that the trajectory of z converges to the
manifold z D 0 at some time, and it will be con� ned to that manifold
for all future time. The sliding mode controller contains the discon-
tinuous nonlinearity sgn.zi /. Nonlinearity of the control input can
cause chatteringas a result of delays or imperfectionsin the switch-
ing devices. To eliminate the chattering, the following continuous
approximation of the perturbed control º can be used:

ºi D ¡¯.´; »/

1 ¡ d
sat".zi /; " > 0 (15)

where sat".¢/ is the saturation function, which is de� ned by the
following:

sat".zi / D

(
zi ="; jzi j · "

1; jzi j > "
(16)

When Eq. (15) is used in Eq. (11) instead of Eq. (12), and (14) is
satis� ed only in the regionof jzi j > ", and ´ is con� ned to a positive
invariant set restricted by the functions of " (Ref. 15).

Fig. 1 Missile target engagement geometry.

III. Application of Variable Structure Control
to Missile Guidance Problem

A. Problem Formulation
Consider a two-dimensional air-to-air engagement as shown in

Fig. 1, wherea missile is attemptingto intercepta moving target.The
missile and target are both assumed as point masses. The dynamic
equations are given by12

Rr ¡ r Pµ 2 D aT ;r ¡ aM ;r ; r Rµ C 2Pr Pµ D aT ;µ ¡ aM;µ (17)

where r denotes the relative distance between the missile and the
target, µ denotes the LOS angle, aT ;r and aT ;µ are the radial and
tangential components of target acceleration, and aM ;r and aM ;µ

are the radial and tangential components of missile acceleration,
respectively.Note from Eq. (17) that aT ;r and aT ;µ can be treated as
uncertaintiesof the system.

Let us introduce state variables [Vr Vµ ] D [Pr r Pµ ] and rewrite
Eq. (17) in the state-space form as follows:

d

dt

2

4
r

Vr

Vµ

3

5 D

2

4
Vr

V 2
µ

¯
r

¡Vr Vµ =r

3

5 C

2

4
0 0

1 0

0 1

3

5w ¡

2

4
0 0

1 0

0 1

3

5u (18)

where

w D
µ

wr

wµ

¶
D

µ
aT ;r

aT ;µ

¶

is a disturbance vector and

u D
µ

ur

uµ

¶
D

µ
aM ;r

aM ;µ

¶

is a control input vector, respectively.Equation (18) can be rewritten
as

Pr D Vr (19)

PVr D V 2
µ

¯
r C wr ¡ ur (20)

PVµ D ¡Vr Vµ =r C wµ ¡ uµ (21)

Comparing Eqs. (19–21) with Eqs. (1) and (2) gives the following
relations:

´ D r; » D [Vr Vµ ] (22)

f1 D »1; fa D
µ

» 2
2

¯
´

¡»1»2=´

¶
; Ga D ¡

µ
1 0

0 1

¶
(23)

±´ D 0; ±» D ¡
µ

wr

wµ

¶
(24)

Several remarks can be made for the preceding two-dimensional
missile guidance problem:

1)Equation(19) shows thatthisproblemdoesnothaveunmatched
uncertainty.
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Fig. 2 Collision triangle.

2) Equations (20) and (21) show that the uncertainty w satis� es
thematchingcondition,and fora nonmaneuveringtarget, i.e.,w D 0,
the system becomes nominal.

3) In Eq. (20) the control inputcannotbe designed like uµ because
ur is the guidance command related to the direction of LOS. Thus,
ur is designed so that Vr tracks the reference approachingvelocity.
In this paper both systems when ur is availableand not availableare
considered in the numerical simulation.

4) For the interception the relative speed between the missile and
the target must satisfy the following necessary condition:

Proposition 1. There exists ¿ ¸ 0 such that Vr .t/ · ¡± < 0 for
t ¸ ¿ , t 2 [¿ t f ].

B. Sliding Surface Design
In this sectiontheguidancelawwill bedesignedusingthevariable

structure control scheme. The sliding surfaces should be designed
properly to satisfy the design objective,which is a critical aspect of
missile guidance law design using variable structure control.

1. Design of Vµ D Á2.r/

Let us design the sliding surface Vµ D Á2.r/. Note that Á2.r / does
not affect the relative distance r signi� cantly, and therefore Á2.r /
can be designed without considering the design of Á1.r /. Consider
an engagement of the missile and the target represented in Fig. 2. It
is desirable to design the sliding surface Á2.r/ so that the guidance
command can be applied to make the missile be in the collision
triangle. The conception that the LOS rate should be zero for in-
terception was adopted in many other PNG laws. In this case the
sliding surface is chosen as follows:

Á2.r/ D 0 (25)

When the sliding mode is chosen as Eq. (25), there is a possibility
that an abruptlargeguidancecommandis generatedduringthe initial
maneuver. To avoid the abrupt large guidance command, monoton-
ically decreasing Á2.r/ can be selected such that Á2.r / and PÁ2.r /
approach zero as r goes to zero. The following are possible candi-
dates for the sliding surfaces that satisfy the preceding condition:

Á2.r / D Vµ .0/

µ
r .0/

r

¶¡®

; ® > 0 (26)

Á2.r / D
Vµ .0/

exp.¡1/
exp

µ
¡

r.0/

r

¶
(27)

2. Design of Vr D Á1.r /

Strictly speaking, Vr D Á1.r/ is not a sliding surface because
Vr D Á1.r/ does not have to depend on the state variables. In this
study Vr D Á1.r / is regarded as the sliding surface, because this
is more convenient in designing a control law. The following are
possible candidates of Á1.r/:

Á1.r/ D V f (28)

Á1.r/ D V .0/ C [V f ¡ V .0/][1 ¡ r=r.0/] (29)

where V f is the desired � nal relative velocity between the missile
and the target. Good tracking performance is not required for this
sliding surface because the engagement is guaranteed as long as
[Proposition 1] is satis� ed. Thus, Vr D Á1.r/ is not critical in the
missile guidance law design.

C. Guidance Law Design
In this section the guidance law is designed using variable struc-

ture control for the system represented in Eqs. (19–21).

1. Guidance Law for Control Variable uµ

Considera guidancelaw for the controlvariableuµ . Using Eq. (6),
the guidance law is obtained as

uµ D uµ;eq ¡ ºµ (30)

An equivalent guidance command for the known dynamics uµ;eq is
obtained from the known system parameters.SubstitutingEqs. (22)
and (23) into Eq. (7) yields

uµ;eq D ¡
Vr Vµ

r
¡ dÁ2

dr
Vr (31)

The remaining perturbed guidance command can be determined
through the following procedure. First, substituting Eq. (22) into
Eq. (9) yields the following uncertainty term:

12 D wµ (32)

It is natural that the system uncertainty is caused by target accel-
eration because the target acceleration cannot be measured with
precision and without time delay. Assume that the upper bound of
the target acceleration can be estimated as

jwµ .t/j1 · k2 (33)

Comparing Eq. (33) with Eq. (10) yields ½ D k2 and d D 0. Substi-
tuting ½ D k2 into Eq. (13) , we have

¯.r; Vr ; Vµ / > k2 (34)

Assume that the function ¯.r; Vr ; Vµ / has the following form to
satisfy Eq. (34):

¯ D a2 C g.r; Vr ; Vµ / (35)

where a2 > k2 and g.r; Vr ; Vµ / ¸ 0. There are no restrictions on
g.r; Vr ; Vµ / except g.r; Vr ; Vµ / ¸ 0; therefore, any positive de� -
nite function g.r; Vr ; Vµ / can be used. This means that a different
selection of g.r; Vr ; Vµ / yields a different guidance law; therefore,
severalguidancelaws canbe derivedfrom the designof g.r; Vr ; Vµ /.
Substituting Eq. (35) into Eq. (15) with d D 0 yields the following:

vµ D ¡[a2 C g.r; Vr ; Vµ /] sgn[Vµ ¡ Á2.r /] (36)

Using Eqs. (30), (31), and (36), the guidance law is obtained as

uµ D ¡
Vr Vµ

r
¡

dÁ2

dr
Vr C [a2 C g.r; Vr ; Vµ /] sgn[Vµ ¡ Á2.r /] (37)

The reachability to the sliding surface in a � nite time can be exam-
ined by substituting Eq. (37) into Eq. (21):

PVµ ¡ dÁ2

dr
Vr D d

dt
[Vµ ¡ Á2]

D wµ ¡ [a2 C g.r; Vr ; Vµ /] sgn[Vµ ¡ Á2.r /] (38)

From the condition that ¯ D a2 C g.r; Vr ; Vµ / > k2 ¸ jwµ j, the
velocity Vµ reaches the sliding surface Vµ D Á2.r / in a � nite time.

When the sliding mode control scheme is used, the chattering
problemmust be consideredwith much care.To solve the chattering
problem, usually the function sat.¢/ is used for sgn.¢/:

uµ D ¡
Vr Vµ

r
¡

dÁ2

dr
Vr C [a2 C g.r; Vr ; Vµ /] sat"[Vµ ¡ Á2.r /] (39)

The functionsat.¢/ is de� ned in Eq. (16). Replacing sat.¢/ for sgn.¢/
causes another problem in the stability within the boundary layer.
For this reason small gain was used for the slidingsurface in Ref. 13.
However, because of the choice of small gain it did not con� rm the
reachability to the boundary layer of the sliding surface. In this
study, by Eq. (38) the reachability to the boundary layer of the slid-
ing surface is con� rmed. However, in the case of a highly maneu-
vering target the proposedguidance law yieldsa high-gainguidance
law, which may cause rapid chatteringand bad noise characteristics
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within theboundarylayer.To overcometheseproblems,thedecreas-
ing boundary-layer scheme is introduced. That is, " in Eq. (39) is
chosenas decreasingwith thedecreasingof the distancebetween the
missile and the target. For example, the following de� nes a linearly
decreasing ":

" D [r=r.0/]"0 C [1 ¡ r=r.0/]" f (40)

where "0 and " f denote the initial and � nal value of ", respectively.

2. Comparison with Other Guidance Laws
In this section comparisonsof Eq. (37) with other guidance laws

are discussed.Substituting Eq. (25) into Eq. (37) yields the follow-
ing:

uµ D ¡.Vr Vµ =r/ C g.r; Vr ; Vµ / sgn[Vµ ] C a2 sgn[Vµ ] (41)

For the � rst case let us take g.r; Vr ; Vµ / as follows:

g.r; Vr ; Vµ / D ¡N .Vr =r/jVµ j (42)

By substituting Eq. (42) into Eq. (41) with sgn[Vµ ] D Vµ =jVµ j,
guidance command uµ is given as

uµ D ¡.N C 1/.Vr Vµ =r/ C a2 sgn[Vµ ] (43)

where N C 1 is a navigation constant. The � rst term of Eq. (43)
represents the realistic TPN guidance law; therefore, Eq. (43) can
be classi� ed into the augmented RTPN guidance law.

Now, under the assumption that NV r .0/ < Vr , let us take
g.r; Vr ; Vµ / D ¡fN [Vr .0/=r ]¡ Vr =rgjVµ j, which yields the follow-
ing guidance law:

uµ D ¡N [Vr .0/Vµ =r] C a2 sgn[Vµ ] (44)

Similarly to Eq. (43), the � rst term of Eq. (44) represents the TPN
guidance law, thus Eq. (44) can be classi� ed into the augmented
TPN guidance law. In Ref. 15 Eq. (44) is named as the simpli� ed
adaptive sliding mode guidance (ASMG) law.

3. Guidance Law for Control Variable ur

When the control input ur is available, the guidance law for con-
trolvariableur canbedesignedas follows.FromEq. (6) theguidance
law is represented as

ur D ur;eq ¡ ºr (45)

For simple derivation we select Á1.r / D V f . Then the equivalent
guidance command is obtained by substituting Eqs. (22) and (23)
into Eq. (7) as follows:

ur;eq D V 2
µ

¯
r (46)

The uncertaintyterm is not consideredas was the case in uµ because
the control variable ur cannot be controlled arbitrarily. Thus, the
guidance law is designed as follows:

ur D V 2
µ

¯
r C a1 sat"[Vr ¡ V f ] (47)

where the constant a1 is a control gain. Good tracking performance
of Vr is not requiredbecause the engagementis guaranteedif Propo-
sition 1 is satis� ed during the maneuver time. Thus, the design for
control variable ur is not critical in the missile guidance law using
the variable structure control method.

IV. Numerical Simulation
Numerical simulations are performed to investigate the perfor-

mance of the proposed guidance law. It is assumed that the guid-
ance command is not limited. In engagement case 1 the proposed
guidance law is compared with the conventional ideal proportional
navigation (IPN) represented by the following guidance command:

ur D NIPNV 2
µ

¯
r; uµ D ¡NIPN Vr Vµ =r (48)

In engagement case 2 the simpli� ed ASMG law15 is compared.

uµ D ¡Na Vr .0/Vµ =r C c sat"2 [Vµ ] (49)

In both cases randomnoise with averagepower 0.5 g is added in the
target acceleration,and a � rst-order � lter with time constant0.3 s is
considered for the acceleration estimation.

A. Engagement Case 1
In case 1 the PNG law in Eq. (48) is compared with the pro-

posed guidance law. The initial relativedistance is 5 km, the closing
velocityis700m/s, and the lateralrelativevelocityis 30m/s. We con-
sider the situationin which the target is initially� ying at 350m/s and
maneuvers with 3-g acceleration.Thus, k2 in Eq. (33) is 3-g(m/s2 ).
For the missile the function g.r; Vr ; Vµ / in Eq. (39) is adopted as
follows:

g.r; Vr ; Vµ / D ¡N .Vr =r / (50)

The constant N is chosen as 3, the constant a2 in Eq. (37) is set
to be 30, and " D 1 is selected. In Eq. (47) the reference reaching
velocity and control gain are chosen as V f D ¡710 m/s and a1 D 3,
respectively. For fair comparison the navigation constant NIPN in
Eq. (48) is chosen as 22. The maximum acceleration in IPN law is
assumed to be limited to 50 m/s2.

Figures 3a–3c show the trajectories of the missile and the tar-
get, the relative lateral velocity Vµ , and the guidance command,
respectively. The interception time is 7.82 s for the proposed law

a) Trajectory

b) Relative lateral velocity

c) Guidance command

Fig. 3 Engagement case 1.
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a) Trajectory

b) Relative lateral velocity

c) Guidance command

Fig. 4 Engagement case 2.

and 8.00 s for the IPN law. In Fig. 3b, because of high gain dur-
ing the initial engagement, both the proposed guidance law and
the IPN law try to reduce the relative lateral velocity. After the
relative lateral velocity is reduced to about 5 m/s, the IPN law re-
duces Vµ gradually; however, the proposed law continuously re-
duces Vµ until Vµ reaches to near zero. Figure 3c demonstrates
that the maximum magnitude of the proposed guidance law is
less than that of the PN law, while the noise characteristics are
similar.

B. Engagement Case 2
In case 2 the simpli� ed ASMG law in Eq. (49) is compared with

the proposedguidance law. It is assumed that the controlvariableur

is unavailable,or ur D 0. The initial closing velocity is 300 m/s, the
initial lateral velocity is 50 m/s, and the relative distance is 3 km.
The moving direction of the target is 135 deg right to that of case 1,
and the maximum acceleration of the target is 2 g, or k2 D 20.

For the proposed guidance law a2 D 20 is chosen, and " is de-
scribed by Eq. (40) with "0 D 5 and " f D 1 , that is, the decreasing
boundary-layerscheme is adopted.The sliding surface is de� ned by

Eq. (27) for graduallynullifyingLOS rate. The functiong.r; Vr ; Vµ /
is not used, or g.r; Vr ; Vµ / D 0. For the ASMG law Na D 4, c D 20,
and "2 D 1 in Eq. (49) are chosen for fair comparison.

Figure 4a shows the trajectories of the missile and the target,
Fig. 4b the relative lateral velocity Vµ , and Fig. 4c the guidance
command.The interceptiontime is 13.25 s for the proposed law and
13.55 s for the ASMG law. Figure 4b shows that the proposed guid-
ance law reduces the relative lateral velocity Vµ gradually,whereas
the high gain ASMG law reduces Vµ rapidly. Figure 4c shows that
the proposed guidance law requires less control effort than ASMG
law, and its noise characteristicsare a little bit better than that of the
ASMG law.

V. Conclusions
A systematic approach to design a new guidance law is proposed

using variable structure control. The guidance command is derived
based on the nonlinear planar engagement kinematics, and the tar-
get accelerationis treatedas disturbance.The proposed law requires
only the target acceleration limit, and therefore the exact informa-
tion of target acceleration is not necessary. By using this approach,
the robustnessof the guidance law with respect to the target maneu-
ver can be achieved. The relations between the proposed law and
other conventionalproportionalnavigation laws are also discussed.
Two-type sliding surfaces, rapid zeroing the LOS rate surface, and
gradual zeroing LOS rate surface are introduced. For a high-gain
sliding mode control law the decreasing boundary-layerscheme is
introduced. Numerical simulations show that the proposed guid-
ance law is effective in the sense that the maximum magnitude of
the guidance command and intercept time are smaller than those of
other guidance laws.
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